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We examine the depinning and driven dynamics of a system in which there is a competition between
long range Coulomb repulsive and short range attractive interactions. In the absence of disorder
the system forms Wigner crystal, stripe and clump phases as the attractive interaction is increased.
With quenched disorder, these phases are fragmented and there is a finite depinning threshold. The
stripe phase is the most strongly pinned and shows hysteretic transport properties. At higher drives
beyond depinning, a dynamical reordering transition occurs in all the phases, which is associated
with a characteristic transport signature.
PACS numbers: 64.60.Cn,73.20.Qt,71.45.Lr
Two-dimensional systems in which there is a compe-
tition between long-range repulsion and short range at-
traction exhibit a remarkable variety of patterns such as
stripes, bubbles, and labyrinths [1]. Such systems include
magnetic films [2], Langmuir monolayers, polymers, gels,
and water-oil mixtures [3]. It has been proposed that sim-
ilar competing interactions can arise in two-dimensional
electron systems leading to stripes, clumps [5] and liquid
crystalline electron states [6]. Stripe and other charge-
ordered phases in metal oxides are sometimes modeled as
systems with competing long range repulsion and short
range attraction [7]. In many of these systems quenched
disorder from the underlying substrate may be present;
however, it is not known how this disorder would affect
the structure and dynamics of these systems. Quenched
disorder can strongly alter the transport properties, pro-
ducing a pinning effect in which a finite driving force
must be applied before net motion occurs.
The effects of quenched disorder on driven elastic me-
dia have been studied extensively in the context of vor-
tices in superconductors [8–13], Wigner crystals [14] and
charge density waves (CDWs) [15]. A remarkable wealth
of nonequilibrium behaviors arise, one of the most in-
triguing of which is dynamic reordering. At low drives
above depinning, the elastic system can break up and
flow plastically. For increasing drive, the effects of the
quenched disorder are partially reduced, allowing the
elastic interactions to dominate. The system then orders
or partially orders to a moving crystal or smectic. Dy-
namical reordering has been studied theoretically [8,9],
experimentally [12,13] and in simulations [10] in vortex
matter, CDW systems [15] and driven Wigner crystals
[14]. An open question is whether dynamic reordering is
universal to other types of systems with quenched disor-
der, particularly those with competing interactions.
The study of transport in systems with competing in-
teractions and quenched disorder is of considerable value
since in many physical systems it is not possible to probe
the microscopic behavior directly. Instead transport sig-
natures such as I−V characteristics and conduction noise
are measured. Recently, highly nonlinear and hysteretic
transport was observed for two dimensional electrons in
the reentrant integer quantum Hall state, and it was sug-
gested that this is a signature of the depinning of some
form of charge ordered state [16]. We note that simu-
lations for driven vortex matter [10] and Wigner crystal
states [14] in 2D have produced non hysteretic transport
curves; however, it is not known if the depinning of other
ordered states such as stripes or clumps is hysteretic.
In order to examine the transport characteristics as
well as to determine whether dynamic reordering occurs
in this class of system, we have conducted numerical sim-
ulations of systems of particles that have a competing
long-range Coulomb repulsion and a short range attrac-
tion. Our model is similar to one introduced by Stojkovic
et al. [7] to examine charge ordering in metal oxides.
In our model, as a function of increasing attractive in-
teraction, we find three generic phases in the absence
of quenched disorder similar to those observed in [7]:
Wigner crystal, stripe, and clump. The addition of dis-
order affects the stripe phase most strongly, fragmenting
the stripes and producing a large depinning threshold and
nonlinear I−V characteristics. The depinning threshold
drops sharply upon entering the clump phase. The I−V
curves are hysteretic in the stripe region and in a portion
of the clump region where the disorder fragments the
clumps. The initial depinning of the fragmented stripe
and clump phase is plastic, but at higher drives there
is a dynamical reordering, where ordered stripes that are
aligned with the drive form and the clumps reform. Char-
acteristic signatures of the reordering appear as features
in the I−V curves as well as the conduction noise, which
shows a 1/f2 characteristic in the moving fragmented
stripe and clump phase, and a washboard periodic signal
in the moving reordered states.
We model a 2D system of overdamped interacting par-
ticles that have a long-range Coulomb repulsion and a
short range exponential attraction. The equation of mo-
tion for a particle i is fi = fii + fp +Fd = ηvi, where the
damping term η = 1. The force from the other particles
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is fii = −∇U(r), where
U(r) = 1/r −B exp(−κr).
κ = 0.25 is the inverse range, and the parameter B is
used to vary the relative strength of the attractive in-
teraction. The repulsive Coulomb term, treated with a
summation method [17], dominates at small and large
r. The force from the quenched disorder fp comes from
randomly placed attractive parabolic pins of maximum
strength fp. The driving term Fd is increased from 0 to
0.08 in our units in increments of 0.0002, and the sam-
ple is held at each drive increment for 8× 104 time steps
to ensure a steady state. We measure the time-averaged
particle velocity < Vx > and its derivative dV/dF . The
system is initially prepared in a high temperature molten
state and annealed to T = 0. After annealing the driving
force is applied. For the work presented here we keep κ
and the particle density fixed and vary B. Changing par-
ticle density and κ do not affect the qualitative results.
We first investigate the transport properties for dif-
ferent phases as a function of B. For the parameters
we present here, in the absence of disorder we find a
Wigner crystal for B = 0. As B is increased the lat-
tice becomes increasingly distorted until for B = 0.25 to
B < 0.325 stripes form, and for B ≥ 0.325 clumps form.
In Fig. 1(a) we show representative velocity vs driving
force curves for the system with quenched disorder for
the Wigner crystal, stripe and clump phases. The curves
for the Wigner and stripe phases are highly nonlinear
and S-shaped. In addition the pinning is much more ef-
fective for the stripe phase than the Wigner crystal as
indicated by the larger depinning threshold. In Fig. 1(b)
we present the corresponding dV/dF curves. The initial
depinning for B < 0.35 is plastic which coincides with the
onset of strong peaks in the dV/dF curves. The stripe
phase shows a second small peak in the dV/dF curve, in
addition to the large plastic peak.
In Fig. 1(c) we show the depinning threshold vs B, ob-
tained from the velocity curves where we take depinning
to occur at a velocity threshold of 0.002. The figure also
indicates where the Wigner, stripe, and clump phases
occur as a function of B without disorder. The suscep-
tibility of the stripe state to the quenched disorder and
the corresponding increase in the depinning threshold can
be viewed as a consequence of the softening of the sys-
tem due to self-induced disorder. Recently Schmailian
and Wolynes [4] proposed that for systems with compet-
ing interactions without quenched disorder, in particular
stripe generating systems, self-generated glass or disor-
dering transitions occur due to frustration [4]. A disor-
dered system is soft, allowing individual particles to be
displaced without costing elastic energy, so that parti-
cles can find optimal pinning sites. Conversely a sys-
tem with strong elastic interactions such as a crystal is
very stiff, preventing particles from being randomly dis-
placed to the optimal pinning sites. In our system, for
low B the Coulomb interaction dominates and the system
forms a distorted Wigner crystal state. As B increases
there is increasing competition between the repulsive and
attractive interactions. In the stripe phase the elasticity
is lowest, and the system can most easily adjust to the
pinning. This implies that well defined stripe structures
will be easily destroyed in systems where quenched disor-
der is present. For increasing B the short-range attrac-
tion becomes dominant and clumps form. The pinning
is strongly reduced in the clump region due to the in-
crease in elasticity from three effects: once the particles
are in the clump phase, individual particles cannot leave
the clump to take advantage of the pinning; within the
clumps the particles form crystal structures which cre-
ate an intraclump elasticity; additionally, since Coulomb
interactions dominate at long range, the clumps them-
selves form a partially ordered Wigner crystal with an
additional elasticity. An increase in the pinning due to
the softening of an elastic media has also been evoked for
explaining the peak effect phenomena observed in vortex
matter in type II superconductors where an increase of
the pinning occurs as a function of field or temperature
[12]. Simulations for vortex matter where the lattice is
softened have shown that this softening will lead to a
smooth increase in the depinning threshold as well as an
onset and enhancement of the plastic flow region [11].
In Fig. 2 we show a series of snapshots for different val-
ues of the applied driving force for the system atB = 0.29
in the stripe phase to indicate the correlation between the
various features in the velocity force curves and the mi-
crostructure of the moving system. Fig. 2(a) shows the
Fd = 0 disordered stripe phase. Here only stripe frag-
ments can be seen. Just above depinning, at Fd = 0.021
in Fig. 2(b), the system is in plastic flow and the stripe
structures are almost completely destroyed. For drives
up to the first peak in the dV/dF curve in Fig. 1(b),
the system is strongly disordered, while above the peak
the system begins to reorder, as seen in Fig. 2(c,d) for
Fd = 0.029 and 0.04 where stripe segments reform. For
Fd = 0.045 [Fig. 2(e)] an aligned stripe phase forms. For
drives beyond the second peak in dV/dF , as shown in
Fig. 2(f) (Fd = 0.06), the stripe structures are very well
formed. The second peak in dV/dF appears because the
reordering transition leads to a change in the effectiveness
of the pinning, from stronger pinning (and slower-moving
particles) in the disordered state to weaker pinning (and
faster-moving particles at the same drive) in the ordered
stripe state.
In Fig. 3(a-f) we show the reordering dynamics for
B = 0.325, where in the absence of quenched disor-
der the systems forms the clump state. For this value
of disorder the Fd = 0.0 clump state is fragmented as
seen in Fig. 3(a). Above depinning, as in Fig. 3(b,c)
(Fd = 0.018, 0.02), the clumps are further fragmented.
In Fig. 3(d) and Fig. 3(e) for Fd = 0.03 and 0.035 the
clumps began to reorder. In Fig. 3(f) for Fd = 0.06 the
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clumps are completely reordered.
For B > 0.35, the clumps are no longer fragmented
by the quenched disorder at Fd = 0, and the depinning
transition is elastic, with the entire clump structure de-
pinning as a unit, and with greatly diminished peaks in
the dV/df curves. For B < 0.25 the system forms a disor-
dered Wigner crystal which depins plastically and forms
a moving smectic, as previously studied in Ref [14].
In Fig. 4(a) we show that only certain phases have
hysteretic properties. The velocity-force curve for the
stripe phase shows hysteresis which corresponds to the
ordered stripe structure, as seen in Fig. 2(e), “supercool-
ing” on the downward drive sweep. We do not observe
any hysteresis for the elastically depinning clump phases
at B > 0.35, since the moving state and the pinned state
are structurally the same. Additionally we find no hys-
teresis for the Wigner crystal regions B < 0.25, which is
in agreement with previous work on driven Wigner crys-
tals as well as previous work for vortex matter in 2D.
We have measured the power spectra S(f) of the veloc-
ity fluctuations at fixed drive values, and find two general
forms. In the moving disordered or plastic flow phases,
we observe a broad band signal with a 1/fα characteris-
tic. In the reordered moving phases we observe narrow
band peaks. In Fig. 4(b) we show S(f) for the stripe
phase in the plastic flow region and the reordered region.
For the plastic flow regime a 1/f2 signal can be seen,
while for the reordered phase the noise power is consid-
erably reduced and a series of narrow band peaks are ob-
servable. For the moving Wigner crystal we observe only
a single narrow band peak, produced by the washboard
signal of the moving lattice of frequency ω = v/a, where
v is the velocity of the lattice and a is the lattice con-
stant. This has also been seen for vortices moving in an
ordered phase [10]. For the reordered stripe and clump
phase, we observe a series of peaks, as shown. The series
of peaks rather than one washboard signal arise due to
the combination of the macro-structural ordering of the
moving stripe and clump phases, as well as the internal
ordering of the particles within the stripes and clumps.
These additional internal frequencies are at much higher
frequencies than the washboard signal since the inter-
nal structure lattice constant is much smaller than the
macrostructure lattice constant.
We briefly comment that we have also performed sim-
ulations for different values of disorder. We find that
the peak in the pinning force always corresponds to the
stripe phase. For larger disorder the peak broadens grad-
ually. For different values of κ or for different density of
particles we observe that the onset of the different phases
occurs for different values of B than presented here; how-
ever, the qualitative behaviors are unchanged.
In conclusion we have used numerical simulations to
examine the depinning and dynamics of a system with
competing long-range repulsion and short range attrac-
tion where in the absence of quenched disorder we find a
Wigner crystal, stripe and clump phase. With quenched
disorder these phases become partially disordered. The
stripe phase is most strongly affected by the quenched
disorder and has the highest depinning threshold due to
the self-induced frustration. It may be difficult to observe
well defined stripe structures in systems with quenched
disorder. For increasing drives we find that these phases
can exhibit a dynamical reordering transition. For the
fragmented stripe phase the transition is hysteretic with
the stripes becoming highly ordered and aligned with
the drive. The enhanced pinning and hysteresis we ob-
serve resemble those found recently in experiments on
two-dimensional electron systems [16]. We also demon-
strate that the reordering transitions can be inferred from
characteristics in the I−V curves and noise spectra. The
dynamics and the mesoscopic patterns we observe should
be generic to the general class of systems with compet-
ing long-range and short-range interactions in quenched
disorder.
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FIG. 1. (a) Velocity V vs applied drive Fd for B = 0.29
(solid line) stripe phase, B = 0.0 (doted line) Wigner crystal,
B = 0.35 (dashed) clump phase, and B = 0.4 (long-dashed)
clump phase. (b) The corresponding dV/dF curves. (c) De-
pinning force vs B. Labels indicate where the Wigner crystal,
stripes, and clumps form in the absence of quenched disorder.
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FIG. 2. Individual snapshots for increasing applied drive
for B = 0.29. (a) Fd = 0.0, (b) Fd = 0.021, (c) Fd = 0.029,
(d) Fd = 0.04, (e) Fd = 0.045 and (f) Fd = 0.06.
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FIG. 3. Individual snapshots for increasing applied drive
for B = 0.325 for (a) Fd = 0.0, (b) Fd = 0.018, (c) Fd = 0.02,
(d) Fd = 0.03, (e) Fd = 0.035, and (f) Fd = 0.06.
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FIG. 4. (a) The hysteretic response in velocity force curves
for the stripe phase B = 0.29. (b) Noise curves for driven
stripe phase B = 0.29 (thick line) in the plastic flow phase
Fd = 0.021 showing a broad band signature. The dashed
line is the 1/f2 curve. Thin line is the noise curve for the
reordered state Fd = 0.06.
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